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1. Introduction

HE present Note describes the concept of the artificial

equilibrium point (AEP) assisted by continuous thrust in the
restricted three-body problem (RTBP). In the RTBP, there are five
libration points called Lagrange points. Each of the Lagrange points
is in equilibrium between the gravitational forces of the two primary
bodies and the centrifugal force in the rotating frame. The Lagrange
points have been investigated in a number of studies in the field of
celestial mechanics. Since the 1950s, space engineers have been
interested in these Lagrange points and have investigated the
applicability of these points to space missions. Farquhar [1]
introduced the concept of telecommunication systems using
Lagrange points in the Earth-moon system, and in subsequent
studies, he investigated ballistic periodic orbits about equilibrium
points not only in the Earth—-moon system [2-5], but also in the sun—
Earth system [6,7].

Currently, low-thrust propulsion systems such as electric
propulsion and the solar sail are being developed not only for
controlling satellite orbits, but also as main engines for interplanetary
transfer. These low-thrust propulsion systems are able to provide
continuous control acceleration to the spacecraft and thus to increase
mission design flexibility.

When we attempt to use Lagrange points, the positions are
normally restricted to only five points. In terms of mission design,
however, Lagrange points are not always the best positions. For
example, we must operate the satellite at midnight every day when a
spacecraft is placed at L2 points, unless we can use a deep space
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network. L4 and LS5 are stable points, but these points are far from the
Earth. Therefore, the transfer time required to reach L4/L5 and to
telecommunicate is longer than that for points closer to the Earth. To
achieve various mission objectives, positions other than the
Lagrange points might be suitable in some cases. These points are in
nonequilibrium, but it is possible to keep the spacecraft at these
positions by using continuous thrust.

Libration points with continuous control acceleration have also
been studied (Duseck [8], Simmons et al. [9], McInnes etal. [10,11],
and Broschart and Sheeres [12]). In [11], McInnes investigated the
magnitude of control acceleration and stability for a two-body
problem. These studies reported specific libration points with a
certain mass ratio or those with certain low-thrust accelerations.
However, for more flexible and generic mission designs, we must
analyze arbitral points for the general mass-ratio range with
continuous control acceleration by an idealized continuous thrust.

In a previous paper [13], we focused on resonant periodic orbits
existing on the line connecting two primary bodies with a
continuous-low-thrust propulsion system. On the other hand, in the
present Note, we investigate the magnitude and direction of the
required acceleration creating the AEP in three-dimensional space.
In addition, we discuss its stability by linearizing the equations of
motion and carrying out a linear stability analysis.

II. Characteristics of Acceleration for Artificial

Equilibrium Points

As shown in [10,13], a nonequilibrium point can be turned into an
AEP by applying the appropriate continuous control acceleration
[ag = VU(ry)], where a, is the control acceleration, ry=
(x0, Y0, z9) is the position vector of the AEP from origin to the
spacecraft, and U is the sum of the gravitational and centrifugal
potentials. In the present Note, all parameters are nondimensional.
Thus, the required acceleration components (a,., a,, a,) of a, in the
rotating frame (x, y, z) for the AEP are expressed as

n 1
ax:_x0+r_3l(xo+ﬂz)+r_32(xo_ﬂl) (1a)

i 2

1 i
ayz_y0+__31y0+_"52y0 (1b)
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where r| and r, are two separate distances between the spacecraft and
two primary bodies when u; =1 — w and p, = pu (4, > 1,), both
of which are the gravitational constants of the two primaries (see
Fig. 1). When y, =0, a, becomes zero, and when z, =0, a,
becomes zero. When x, = 0, a, becomes as follows:

a =" B2 = LN
X r? 2 r% 1 12 }’? r%

From p, > p,, we have r; > r, at (xq, yo, 29) = (0,0, 0), so that a,
is always positive when x = 0.

From Eqgs. (1a—1c), we can obtain the direction and magnitude of
the acceleration at the AEP. Figure 2 shows plots of a, =0 and
a, = 0inthe X-Y plane, which is the boundary between positive and
negative accelerations in the x and y directions.
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spacecraft

Fig. 1 Rotating frame and relationship between two primary bodies
and a spacecraft.

The mass ratio in these figures is assumed to be 1 = 0.2. Figure 3
shows the superposition of the two boundaries (a, = 0 and a, = 0)
shown in Fig. 2. Because a, is always zero in this plane, intersections
of a, =0 and a, = 0 in Fig. 3 show five Lagrange points and two
primary bodies (M; and M,).

Figure 4 shows the superposition of two boundaries (¢, = 0 and
a, = 0) for the mass ratio with u = 3.0404 x 1079, corresponding to
the sun—Earth system. In the case of a very small mass ratio, such as
that of the sun—Earth system, the two boundaries are similar in a
macroscopic view (i.e., Fig. 4a), such that the circular region, the
center of which is M, (e.g., the sun) and the radius of which is the
distance between M, and M, (e.g., the Earth), and these boundaries
appear to coincide with each other. In other words, when the mass
ratio is very small, the required acceleration is nearly zero in this
region in which three Lagrange points (L3, L4, and L5) exist.

ML Stability

In this section, the stability of the AEP is discussed by linearizing
the equations of motion and carrying out a linear stability analysis.
This corresponds to the behavior of a spacecraft given a small
displacement from an AEP.

A. Linearized Equations of Motion
Using r =1 + 8 [(§ = (8,.4,.6,)], the linearized equations of
motion are obtained as (see [13])

dz 8)( d _25)' Uxx ny sz, 8)(
S| rg] B || Uk Uy U8 | =00
"L 0 Us Uy Us |8
where
P U)uc ny sz
[g VU(I‘)] = U)x ny Uyz (€]
o v, U, Ug;
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Fig. 3 Superposition of ¢, = 0 and a, = 0 (1 = 0.2) in the X-Y plane.

Thus, when we set characteristic roots as s and matrices of
characteristic equations as Q, the characteristic equation is written in
terms of det Q as

detQ = s + (Uy, + Uy, + U, + 4)s* + (UMUW +ULU..

+ Uyy Uzz - U)z(\ - U)%Z - U\zz + 4UZZ)SZ + Ux:( Uyy UZZ

+2U

Xy UXZ Uyz - U%Z Uxx - U,%z Uyy - U/%) UZ’Z’ (5)
The characteristic roots s must satisfy
detQ =0 (6)

Equation (5) can be rewritten by substituting k = s as
detQ = K + (s + Uy + Us + 4K + (UpUyy + U U

YU U, — U2 — U2, — U2 + 4Uzz)k +ULULU..

xx™yy

+2U,U,,U,, — U}Z,ZUXX - U,%ZU).Y - U‘%).Uzz @)

A necessary and sufficient condition for an AEP to be linearly
stable is that all of the roots are in the left-hand side of the s plane. If
there are one or more roots in the right-hand s plane, the system is
unstable. Equation (7) is a cubic equation of k. In general, solutions
of the cubic equation are either all real numbers or one solution is a
real number and the other solutions are imaginary numbers. Noting

[T

0.5 115

77/

1
i

I~
J

b)

Fig. 2 Plots in the X-Y plane (x = 0.2) for a) a, = 0 and b) a, = 0; hatched areas show the regions in which a, (or a,) is positive.
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Fig. 4 Superposition of a, = 0 and a, = 0 of the sun—-Earth system (1 = 3.0404 x 10-°) in the X-Y plane.

that k = s? for all cases, except for those in which all the solutions k
of Eq. (7) have real and negative solutions, at least one characteristic
root of Eq. (3) exists in the right-hand side of the s plane and the AEP
can be regarded as unstable. When all of the solutions k of Eq. (7) are
real and negative solutions, all of the characteristic roots s are purely
imaginary. Therefore, based on the Hartman—Grobman theorem
[14], the AEPs cannot be concluded to be nonlinearly stable even if
they are linearly stable. On the other hand, the Kolmogorov—Arnold-
Moser (KAM) theory [15] proves that systems with roots only on the
imaginary axis can be nonlinearly stable. The KAM theory is valid
only for two-degree-of-freedom systems. For three-degree-of-
freedom systems, nonlinear stability is not always valid. The orbit
discussed in the present Note is three-dimensional, which cannot be
covered by the KAM theory. Therefore, we obtain linearly stable
AEPs, depending on the conditions of solution k of Eq. (7), and then
numerically test the nonlinear stability for some examples.

B. Real and Negative Solutions of the Determinant

Now let us discuss the condition of the real and negative solutions
of k. We rewrite Eq. (7) as follows:

detQ = k* + ak® + bk + ¢ 8)
where the following are shown in [13]

b= Uxnyy + Uxx Uzz + Uy,v Uzz - U%v - U/%7 - U)zz + 4UZZ

a=U,+U,+U, +4=-2
{ c= Uxx Uyy Uzz + 2ny sz Uyz - ng Uxx - U,%z Uyy - U)zcy Uzz
)
Thus, Eq. (8) is rewritten as
detQ =k* +2k> + bk + ¢ 10)

The total number of real and negative solutions of k can be
determined by parameters b and ¢ in Eq. (10).

The condition for real solutions is determined from the
discriminant of the following cubic equation:

B +2k+bk+c=0 (11)

1. Conditions for Real Solutions

The number of real solutions of k is determined by the discriminant
of the cubic equation. (11). The discriminant D of Eq. (11) is then

defined as
({4 2 P\?
o={(35) + ()} a

where
a? 4
p:b——:b—f
{ 16 23 ’ (13)

When D > 0, Eq. (11) has three real solutions. When D < 0, this
equation has only one real solution of k.

2. Conditions for Negative Solutions

The total number of negative solutions of k is obtained by the
Descartes sign rule [16]. When the signs of the coefficients of an
equation change n times, the equationhas norn —2i (i =1,2,...)
positive solutions.

Here, the coefficients k> and k? in Eq. (11) are positive (1 and 2,
respectively), and the total number of negative solutions of k is
determined only by the signs of coefficients b and c. When the signs
of these coefficients do not change (i.e., b > 0 and ¢ > 0), the number
of positive solutions is zero. Then Eq. (11) has either three D > 0 or
one negative solution D < 0. In summary, the AEP is stable when
D>0,b>0,and c > 0.

C. Example of Stable Regions

Figures 57 show the stable regions (gray areas) satisfying D > 0,
b >0, and ¢ > 0 in the X-Y, X-Z, and Y—Z planes, respectively.
From these figures, we find that there are linearly stable areas in
three-dimensional space. We have numerically tested and confirmed
the nonlinear stability for a number of points, one of which is shown
in Fig. 8.

IV. Discussion

Here, we discuss the region in which spacecraft can be easily
placed in terms of magnitude of acceleration and stability. Figure 9
shows a contour plot of the magnitude of acceleration in the sun—
Earth system. The nondimensional magnitude of acceleration a, =
1.0 corresponds to 5.93 x 10~ m/s? in the sun—Earth system. The
boundaries at D =0, b =0, and ¢ = 0 are also shown in Fig. 9a,
which is equivalent to Fig. 5. The gray area in this figure indicates the
stable region. Here, the magnitude of the required acceleration is
obtained assuming that other planets such as Mars and Venus are not
near the spacecraft with negligible effect. From Fig. 9a, it turns out
that the acceleration required for an AEP at ~1.0 AU from the sun is
only 10 m/s/year, which corresponds to approximately
ap = 5.0 x 1073, In these stable regions, spacecraft can be kept at
the AEP with a small control acceleration. Therefore, we can use
these AEPs like L4 and L5 points in terms of small control
acceleration and stability. From a spacecraft design point of view,
telecommand is easier from a spacecraft near the Earth than from one
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Fig. 5 Stable areas (gray) in the X-Y plane of the sun—-Earth system.
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Fig. 6 Stable areas (gray) in the X-Z plane of the sun—Earth system.
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Fig. 7 Stable areas (gray) in the Y-Z plane of the sun—Earth system, in
which the Earth location coincides with that of the sun.

far from the Earth. Therefore, we can choose an AEP nearer to the
Earth than the L4 and L5 points, which is very useful for
telecommunication. Note that the present Note assumes a restricted
three-body problem. In reality, the potential will be very flat for

equilibrium at ~1 AU, such that the fourth-body perturbation will
become important.

The area in the vicinity of the Earth is also shown in Fig. 9b. The
spacecraft can stay at stable areas in the vicinity of the Earth by
adding continuous control acceleration ay,=0.03 (i.e.,
17.79 x 107> m/s?).

V. Conclusions

In the present study, we proposed the concept of an artificial
equilibrium point (AEP) assisted by continuous control acceleration
in the circular restricted three-body problem. AEPs are created by
canceling gravitational/centrifugal forces with continuous control
acceleration at the nonequilibrium points.

We also discussed the direction and magnitude of required
acceleration to turn any arbitrary points into AEPs. The boundaries
between positive and negative accelerations in each component are
obtained, and the Lagrange points can be derived from the
intersections between the boundaries of all acceleration components.
From these boundaries, we easily found that there is aregion in which
the acceleration needed for creating an AEP is very small when the
mass ratio is very small, as in the case of the sun—Earth system.

The stability of each AEP was also discussed by linearizing the
equations of motion and carrying out a linear stability analysis. The
characteristic equations for the equations of motion were
transformed into a cubic function. For analyzing stability, we
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Fig. 8 Numerically integrated motion around the AEP at (1.0, 0.05, 0) AU, in which the centers of the figures correspond to the AEP.
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Fig. 9 Contour plots of the magnitude of acceleration (i =3.0404 x 10~ and z =0): a) 1: less than 2.97 x 10~5, 2: 2.97 x 10~* m/s?,
3: 2.97 x 1073 m/s?, 4: 5.93 x 10~ m/s?, 5: 2.97 x 10~2 m/s?; and contour plots of the magnitude of acceleration in the vicinity of the Earth:
b) 1: 4.15 x 10~5 m/s2,2: 5.93 x 10~* m/s2, 3: 1.19 x 10~* m/s2, 4: 1.78 x 10~* m/s2, 5: 2.97 x 10~*; gray areas indicate stable regions.

introduced the discriminant of the cubic equation and Descartes sign
rule. It turned out that for a small mass-ratio system such as the sun—
Earth system, there are stable regions of AEPs with very small
control acceleration that are applicable for space missions.
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